ABSTRACT: Permeability and conductance are the major transport properties of membrane channels, quantifying the rate of channel crossing by the solute. It is highly desirable to calculate these quantities in all-atom molecular dynamics simulations. When the solute crossing rate is low, however, direct methods would require prohibitively long simulations, and one thus typically adopts alternative strategies based on the free energy of single solute along the channel. Here we present a new method to calculate the crossing rate by initiating unbiased trajectories in which the solute is released at the free energy barrier. In this method, the total time the solute spends in the barrier region during a channel crossing (transition path) is used to determine the kinetic rate. Our method achieves a significantly higher statistical accuracy than the classical reactive flux method, especially for diffusive barrier crossing. Our test on ion permeation through a carbon nanotube verifies that the method correctly predicts the crossing rate and reproduces the spontaneous crossing events as in long equilibrium simulations. The rigorous and efficient method here will be valuable for quantitatively connecting simulations to experimental measurement of membrane channels.
■ INTRODUCTION
Cell membranes create a barrier that separates the inside of the cell from the outside and prevents the passage of most hydrophilic molecules. Some membrane proteins, in the meantime, are designed to transport materials across this barrier. Channels, a major class of these transport proteins, form pores in the membrane and allow specific molecules to pass through. 1 Membrane channels are ubiquitous and play indispensable physiological roles in all living systems, from the uptake of nutrients to the transduction of neural signals.
The major transport property of a membrane channel is its permeability, which determines the net flux of solute through the channel under a concentration difference. For ion channels, the major characteristic is their conductance, which determines the ionic current under an applied transmembrane voltage. If the passages of individual ions are completely independent and not coupled to each other, the conductance of an ion channel at low voltages can be predicted from its permeability at equilibrium. 2 Given the available atomic structures of many membrane channels, it is desirable to calculate their permeability or conductance from molecular dynamics (MD) simulations. 3, 4 Furthermore, it is of great interest to reveal in the simulations the full atomic details of how the solutes cross the channel. For membrane channels (such as those with large pores) with fast transport kinetics, both the permeability (conductance) and the crossing events can be directly obtained from straightforward MD simulations at equilibrium 2 or under an electrochemical potential. 5−7 For channels with small permeability or when the solute concentrations are low, however, the required simulation time to capture spontaneous permeation events can be very long. In such cases, it is often more efficient to first calculate a single-solute free energy profile, based on which the permeability can be further estimated. For example, a diffusion model that incorporates the free energy and positiondependent diffusion coefficients 8 was applied to calculate the conductance of an ion channel. 9 Similar methods were recently proposed to calculate the permeability of lipid bilayers. 10, 11 Alternatively, the channel permeability can be rigorously calculated using the classical reactive flux method developed by Bennett and Chandler, 12 by releasing the solute at the free energy barrier and computing the transmission coefficient. 13 However, this method will become inefficient for diffusive barrier crossing, 12 when the solute recrosses the free energy barrier many times before exiting the channel.
On the basis of earlier theories, 14−16 we recently demonstrated a method 17 to calculate the rates of spontaneous barrier crossing, in a simulation setup essentially identical to that in the reactive flux method. However, although our method does not explicitly assume diffusive motions, it is much more efficient than the reactive flux method for the cases of diffusive barrier crossing. In this study, we propose computational protocols based on this method to calculate the permeability and conductance of membrane channels.
We test our proposed method by calculating ion permeability for carbon nanotubes (CNTs). CNTs with appropriate radii have been used as model systems for biological channels in a number of computational studies. 18−21 In addition to water transport, the permeation and selectivity of Na + , K + , and Cl − ions were investigated for various CNTs in simulations. 22−25 Furthermore, CNTs have shown potential applications in desalination of seawater 26−28 and separation of ions, 29, 30 which are contingent on their properties of selective ion transport or rejection. The conductance of individual CNTs or CNT membranes has also been experimentally measured for a variety of ions. 24,31−35 Pristine CNTs can be modified by adding functional groups to the surface, and such functionalization could significantly change their properties. 36−40 Using our proposed method, here we perform MD simulations to calculate the K + permeability for a narrow (8, 8) CNT (diameter ∼1.1 nm) in its pristine and functionalized (by adding a carboxylate group) forms. In addition to validating our method, the simulations also quantify the effect of a single carboxylate group on the ion conductance of the CNT.
■ METHODS
In this section, we first present the theories and methods for calculating the channel permeability and conductance and then describe our simulations for a test system of CNT.
Crossing Rate, Permeability, and Conductance. Consider a single channel in a membrane that separates two reservoirs with equal concentration ρ of a certain solute. We define the equilibrium crossing rate k 0 as the average number of solutes spontaneously crossing the channel in one direction per unit time. At equilibrium, the crossing rate for the other direction is also k 0 . Clearly, k 0 is a function of the solute concentration ρ. Under sufficiently low concentrations such that the interactions between individual solute molecules can be ignored, k 0 will be linearly proportional to ρ.
When a concentration difference Δρ between the two reservoirs exists, there will be a net transport of the solute down the concentration gradient. If the concentrations are sufficiently low, the net solute flux j through the channel will be linearly proportional to Δρ:
where the linear coefficient, denoted as p s here, can be defined as the single-channel permeability for the solute. We note that, whereas the number flux j (s ) and number concentration ρ (cm −3 ) are adopted here, in experiments the molar flux j/N A (mol/s) and molar concentration C ≡ ρ/N A (mol/cm 3 ) are more commonly used, with N A the Avogadro's number. Nevertheless, the permeability p s (cm 3 /s), defined as the ratio of the flux to the concentration difference, remains the same in both notations. Also, if the solutes may only cross the membrane through the channels, the single-channel permeability p s here multiplied by the channel density (in unit of cm −2 ) in the membrane will give the commonly used membrane permeability P m (cm/s), which determines the per-area flux (mol/s·cm 2 ) through the membrane. When the interaction between the solutes can be ignored, the motion of each individual solute molecule would not be affected by the presence or absence of other solutes in either reservoir. Consequently, the rate of crossing events from reservoir A to B is linearly proportional to the solute concentration in A, and the rate of crossing from B to A is linearly proportional to the concentration in B, with the linear coefficient corresponding to the permeability:
This equation relates the channel permeability p s to the equilibrium crossing rate k 0 under symmetric solute concentrations.
For channels that conduct ions, the major experimental observable is the ionic current I under an applied transmembrane voltage V and a symmetric bulk ion concentration ρ. At sufficiently small V, the I−V relation will be linear, and the slope defines a constant single-channel conductance γ ≡ I/ V. In fact, for many biological 41 or synthetic 42 ion channels, the linear Ohm's law can be valid up to voltages much higher than physiological membrane potentials (∼80 mV). Importantly, although the conductance γ is a nonequilibrium property, our earlier theory 2 shows that γ can be predicted from the spontaneous ion crossings at equilibrium. In general, this linear response theory only applies for the net charge transport arising from all of the ions in the system. 2 Under sufficiently low ion concentrations, however, the crossings of individual ions will be independent of each other. In such single-ion conduction regime, we previously proved 2,9 that the conductance arising from a given ion species is related to the equilibrium crossing rate:
where e is the charge of the ion, k B is the Boltzmann constant, and T is the temperature. Equations 2 and 3 then indicate
Therefore, when the ion concentration ρ is sufficiently low, the single-channel conductance γ will be linearly proportional to ρ, with the linear coefficient determined by the equilibrium permeability p s .
We note that both the permeability (eq 2) and the conductance (eq 3) for a single channel at a low solute concentration are determined by the equilibrium crossing rate k 0 , which is thus the key objective of our computational method presented below.
Free Energy for Single-Solute Crossing. For membrane channels with small permeability/conductance or under low solute concentrations, the crossing rate k 0 will be very small, and very long simulations will thus be needed to produce spontaneous crossing events and to directly obtain k 0 . To overcome such difficulty, enhanced sampling techniques can be applied to calculate the thermodynamics and kinetics of singlesolute crossing, and the first step is typically to calculate the free energy profile for a single "tagged" solute along the channel, as described below.
We assume that the membrane channel is aligned along the z-axis and located at the origin in the x-y plane. To properly sample the bulk region, the tagged solute is typically under a lateral restraint 9 u(x,y) in the simulations. One such example is a flat-bottom harmonic potential:
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Article where R x y 2 2 ≡ + , and K xy is the spring constant. The parameter R 0 should be chosen to be larger than the pore radius, such that the lateral restraint only acts to confine the tagged solute when it is in the bulk region but has no effect when inside the channel. The effective cross-sectional area due to the lateral restraint is defined as
which quantifies the accessible lateral area when the tagged solute is in the bulk.
In the presence of the lateral potential above, we can calculate a one-dimensional (1D) free energy G(z) as a function of the z-coordinate of the tagged solute, using umbrella sampling or other methods. We assume that the vertical offset of G(z) is set such that its flat baselines at the two ends (representing regions of bulk solution) are at the zero level. We previously proved 9 that under a symmetric bulk solute concentration ρ that is sufficiently low, the 1D equilibrium solute density (occupancy) p 0 (z) along the channel is related to the free energy of the tagged solute:
p 0 (z) provides the equilibrium probability density for finding a solute molecule at the given vertical position z in the channel region. We note that the choice of the lateral potential u(x,y) will affect the values of both G(z) and S, but it will not affect 9 the equilibrium density p 0 (z) in the pore region, where the tagged solute always experiences a zero u(x,y). Rate Calculation. The crossing rate can be calculated using our recent method 17 from pairs of unbiased forward and backward simulations with the tagged solute molecule initially at the free energy barrier. The two simulations in each pair start with identical coordinates and reverted velocities for all the atoms. If the solute molecule exits to opposite sides of the membrane in the two simulations, the two trajectories will form a transition path (or reactive trajectory) that represents a spontaneous crossing event. Given any interval [z 1 , z 2 ] in the channel region, we define the duration τ(z 1 , z 2 ) for a transition path as the total time the trajectory spends in the interval. 17 If the transition path visits the interval [z 1 , z 2 ] multiple times, τ(z 1 , z 2 ) should be the sum of all the individual durations. Furthermore, each pair of the forward/backward simulations is associated with a kinetic factor λ defined as According to this definition, if the two trajectories form a transition path, λ will be the inverse duration. In contrast, λ will be zero if the solute molecule exits to the same side of the channel in the two simulations (thus not forming a transition path).
Accordingly to our theory, 17 the crossing rate is related to the average λ value and the equilibrium occupancies:
Here 17 These initial coordinates can be sampled from a simulation with the solute confined in [z 1 , z 2 ] by a flatbottom potential such that the equilibrium distribution of the microstates within [z 1 , z 2 ] is preserved. Because of the independence of velocity distribution, the initial velocities for all the atoms (including the solute atoms) in the forward simulation can be taken from the sampling simulation above or simply assigned randomly according to the Maxwell− Boltzmann distribution. Then these velocities should be reverted and used as the initial atomic velocities in the backward simulation. Although eq 9 is valid for any [z 1 , z 2 ], choosing the interval in the barrier region of the free energy would result in a higher fraction of the transition paths, thus making the calculation more efficient. Combining eq 9 with eqs 2 and 7, we obtain an expression for the single-channel permeability:
For ion channels, the conductance under an ion concentration ρ can then be obtained from eq 4.
If we choose an interval [z 0 − δz/2, z 0 + δz/2] centered at z 0 and with a sufficiently small width δz, eq 9 can be expressed in a slightly simplified form:
Here the unbiased simulations for evaluating the ⟨λ⟩ should start with the solute at close vicinity of z 0 . As mentioned earlier, it is preferable to choose z 0 at the barrier top of the free energy. With the obtained k 0 , the single-channel permeability or conductance can then be calculated using eq 2 or 3.
Computational Details. The simulation setup is shown in Figure 1 . An uncapped (8, 8) armchair CNT with 13.5 Å in length and 10.8 Å in diameter is located at the origin and aligned along the z-axis, between two carbon sheets that form an artificial membrane separating the solutions on the two sides. Two CNT systems are studied in this work. The first system (denoted as CNT0) is a pristine CNT, and the second system (denoted as CNT1) has a functional (carboxylate COO − ) group at the edge. The solution contains six K + ions and six or five Cl − ions in the CNT0 or CNT1 system, respectively, representing a bulk KCl concentration of ∼130 mM. The CNT atoms and the membrane are fixed in all simulations, whereas the attached carboxylate group in CNT1 is free to move.
Simulation parameters were taken from an early version of the CHARMM22 force field 43 with the TIP3P water model, 44 without the more recent calibration 45 for the K + −Cl − interaction parameters. The parameters for the CNT atoms
Article here are identical to those in the up-to-date CHARMM force field, which reasonably reproduced the experimental adsorption affinities of many small molecules on CNTs. 46 All MD simulations were performed using the NAMD2 program 47 with a time step of 1 fs and under constant volume. Periodic boundary conditions were imposed with the unit cell size of 36 Å × 36 Å × 73.5 Å. Unless noted otherwise, a constant temperature (300 K) was maintained by Langevin dynamics. The Particle Mesh Ewald (PME) 48 summation was used with a grid size of 1 Å for long-range electrostatic interactions. The van der Waals interactions were calculated with a cutoff distance of 12 Å.
Umbrella Sampling Simulations. For both the CNT0 and CNT1 systems, we took the z-coordinate of a K + ion as the reaction coordinate and employed a total of 55 umbrella windows that cover the range of −27 Å ≤ z ≤ 27 Å with a constant spacing of 1 Å. In each simulation, the z-coordinate of the tagged K + ion was subject to a harmonic restraint with spring constant K = 2.5 kcal·mol
In addition, a lateral restraint u(x,y) is applied in the x-y plane according to eq 5 with K xy = 10 kcal·mol −1 ·Å −2 and R 0 = 6 Å. We also adopted Hamiltonian replica exchange 49 in which a swap between the neighboring windows was attempted every 200 fs. The exchanges allowed the ion in each individual simulation (replica) to move along the z-direction and could facilitate the equilibration of the orthogonal degrees of freedom. 9 The simulation for each window was run for 20 ns, and the coordinate of the tagged ion was recorded every time step. The first 2 ns of each simulation was discarded, and the rest of the trajectory was used to calculate the free energy.
Unbiased Simulations at Barrier Top. For the purpose of rate calculation, we performed forward and backward unbiased simulations at the free energy barrier as described below. First, from the umbrella sampling trajectories, we selected 10 frames with the tagged ion near the barrier at z = 0 Å. Next, starting from each frame, we performed a simulation of 20 ns in which the tagged K + ion was strongly restrained (200 kcal/mol/Å 2 ) at z = 0 Å and then uniformly (every 2 ns) sampled 10 frames of atomic coordinates and velocities from the trajectory. Therefore, we obtained a total of 100 microstates from the 10 simulations. For each microstate, we further generated a companion microstate by reverting the velocities of all atoms in the system while keeping all the atomic positions unchanged. Finally, starting from each of these 200 microstates, we performed a simulation of 1 ns without any restraint on the ion. In total, we thus performed 100 pairs of unbiased simulations with the tagged K + ion initially at z = 0 Å. Importantly, the two simulations in each pair started with identical coordinates but opposite velocities for all the atoms. To enable time reversibility, these unbiased simulations were under constant number, volume, energy (NVE) condition.
■ RESULTS
We tested our method by calculating ion permeability for two carbon nanotubes, CNT0 and CNT1, as described in Methods. First, for the thermodynamics, we performed umbrella sampling simulations with Hamiltonian replica exchange. 49 For each system, the free energy profile G(z) (Figure 2 ) as a function of the z-coordinate of a tagged K + ion was calculated from the umbrella sampling trajectories, using a fast numerical algorithm 50 of the weighted histogram analysis method. 51 By evaluating the variances of the mean forces, 50 the statistical errors in the calculated free energies are estimated to be ∼0.1 kcal/mol, according to the established method. 50 In both cases, the free energies exhibit a relatively broad barrier inside the CNT, as shown in Figure 2 . The free energy profile for CNT0 is highly symmetric with respect to the center (z = 0 Å), as expected for a symmetric pore. In contrast, CNT1 features an energy well near the entrance where the attractive COO − group 24,38 is located. We further calculated the kinetics by initiating forward and backward trajectories at the free energy barrier. For both CNT0 and CNT1, the highest free energies (Figure 2) are found near the center of the CNT (z = 0 Å). For each system, therefore, we performed 100 pairs of unbiased simulations with the tagged ion initially at the CNT center, as described in Methods. The ion exited the CNT within 1 ns in all of these simulations. In approximately one-half of the simulation pairs, the ion exited opposite entrances of the CNT in the forward and backward simulations, thus forming a transition path (reactive trajectory). The ∼50% fraction (Table 1) of transition paths among all the forward/backward trajectory pairs is consistent with diffusive barrier crossing and also indicates that the z-coordinate of the tagged ion is a good reaction coordinate for the relatively simple systems here.
We then analyzed the statistics of the obtained transition paths. First, we calculated the duration each transition path spent in a small interval [−0.1 Å, 0.1 Å] at the barrier. These durations, as shown in Figure 3 , are much longer than would be expected for a ballistic crossing, thus indicating the diffusive nature of the ion motions. We also calculated the total length of each transition path, defined as the duration between the instants the ion enters and exits the CNT. Figure 3 shows that the lengths of transition path, or the durations of entire crossing event, range from 50 to 700 ps, with the most probable values at ∼175 ps. Overall, the durations in CNT1 are slightly longer than those in CNT0. As mentioned before, each transition path formed by the forward/backward trajectories represents a spontaneous solute crossing and records all the atomic details therein. Figure 4 shows three snapshots in one of the transition paths of CNT1. The (8, 8) CNT 28 is wide enough to accommodate multiple columns of H-bonded water molecules. 22, 52 Consequently, the K + ion is still coordinated by approximately six water molecules as it crosses the CNT, thus only experiencing a relatively moderate energetic barrier. Furthermore, the orientations of the water molecules ( Figure 4) are reversed when the ion traverses the CNT from one end to the other, as the water dipoles tend to point away from the cation. Table 1 . Furthermore, from the calculated G(z) (Figure 2) , we obtained the value G(z = 0) at the free energy barrier (Table 1 ). In addition, according to eqs 5 and 6, the lateral restraint (K xy = 10 kcal·mol
, R 0 = 6 Å) applied in the umbrella sampling simulations corresponds to an effective cross-sectional area S ≈ 125 Å 2 . The permeability p s for the CNT was then calculated (Table 1) according to eqs 2 and 11. The spontaneous crossing rate k 0 and the conductance γ depend on the bulk ion concentration, and their values at a 
/Å
3 ) are given in Table 1 . To verify the calculated kinetics, we performed long equilibrium simulations on a CNT1 system with 48 K + and 47 Cl − ions corresponding to a bulk concentration of 1 M. For this system, we performed 10 independent equilibrium simulations without any restraint, each lasting 200 ns. During the total simulation time of 2 μs, we observed six spontaneous crossing events in the +z direction and one crossing event in the −z direction for the K + ions and no crossing for the Cl − ions. Therefore, the K + crossing rate in these equilibrium simulations is k 0 = 1.8 ± 1.3 /μs. In comparison, at a concentration of 1 M (or ρ = 6.02 × 10 −4 /Å 3 ), the crossing rate predicted from our calculated permeability (Table 1) of CNT1 is k 0 = 2.2 ± 0.7 /μs. We note that the prediction is under the assumption that the crossing rate k 0 is linearly proportional to the bulk ion concentration ρ (eq 2), which may not be accurate for our case here with a relatively high ion concentration. Nevertheless, our predicted and observed crossing rates appear to agree reasonably well. Furthermore, the seven spontaneous crossing events in these long equilibrium simulations appear similar to those produced by the forward/backward trajectories initiated at the barrier top ( Figure 4 ). In particular, the durations of the seven crossing events here (Figure 3) are consistent with the length distribution of the transition paths obtained from the forward/backward trajectories. Therefore, the combination of the free energy calculation and the unbiased simulations at the barrier top could faithfully reproduce both the kinetic rates and the atomic details of the spontaneous solute crossing in long equilibrium simulations.
As an alternative approach, we also applied a diffusion model to calculate the single-channel permeability. To obtain the diffusivity, we performed additional umbrella sampling simulations, 5 ns per window, without Hamiltonian replica exchange. The trajectory of the ion under the constant harmonic potential in each window could then reveal the local diffusivity there. Specifically, we calculated the diffusion coefficient from the position autocorrelation time, 8 which was estimated from the variance of the mean position in the trajectory, as described in our previous study. 9 The estimated local diffusion coefficients as well as the values after a curve smoothing are shown in Figure 5 . The diffusion coefficients inside the hydrophobic CNTs here are approximately one-half of the bulk values. In comparison, our previous study revealed that, for a more hydrophilic protein channel, the diffusion coefficients were reduced to much lower values. 9 Indeed, the diffusion coefficients near the attractive COO − group in CNT1 here are also smaller than at other locations. As similarly done before, 9 from the free energy G(z) (Figure 2 ) and the diffusion coefficients D(z), we calculated the single-channel permeability based on the Smoluchowski equation. The permeability p s obtained using this approach is 1.6 × 10 (Table 1) calculated from the transition paths.
■ DISCUSSION
In this study, we demonstrated a new method to calculate the permeability of membrane channels, based on a one-dimensional free energy where the vertical position of a tagged solute is typically used as the reaction coordinate. The test on the CNT1 channel shows that our method provides reasonable predictions for the rate and the atomic details of the spontaneous crossings in long equilibrium simulations. For channels with much slower kinetics or at much lower solute concentrations, straightforward equilibrium simulations will become inefficient or infeasible to capture spontaneous crossing events, whereas our method could still be readily applied. Therefore, this method makes the calculation of single-channel permeability and conductance more convenient and reliable.
The simulation setups here are identical to those in the classical reactive flux method. Therefore, from these same simulations, we could also apply that method to calculate the rate. Specifically, from the correlation between the initial ion velocity at the barrier top and the final commitment of the ion in the unbiased trajectories, we calculated the transmission coefficient, 12, 13 defined as the ratio of the transition rate to the ideal rate for ballistic barrier crossing as in the transition state theory. The calculated transmission coefficients are 0.18 ± 0.17 for CNT0 and −0.15 ± 0.17 for CNT1. With the very large relative statistical uncertainties here, the reactive flux method could only give a rough estimate for the upper bound of the transmission coefficient. In contrast, the transmission coefficients calculated from our method are 0.019 ± 0.004 for CNT0 and 0.018 ± 0.006 for CNT1, thus with a much higher statistical accuracy. Therefore, our method is clearly superior to the reactive flux method, as it achieves significantly more accurate results with the same data and computational cost. The improvement arises from the fact that, whereas the reactive flux method takes only the initial velocity of each trajectory into the calculation, our method effectively averages over all the velocities 14, 15 when the dividing plane is crossed in a transition path, thus obtaining better statistics in the cases of multiple barrier recrossings.
As formulated previously, 9 the crossing rate and singlechannel permeability/conductance can also be calculated using a diffusion model. In principle, such a model assumes that the relaxation of orthogonal degrees of freedom is fast relative to the reaction coordinate. Also, the underlying Smoluchowski equation in the high friction limit is only valid for time scales in which the velocity autocorrelation function vanishes. Although the diffusion model also provides a good estimate of the permeability (see Results) for the relatively simple and rigid CNT channels here, a recent study 54 revealed that, for some small molecules in lipid bilayers, the classical Smoluchowski equation is no longer valid due to subdiffusion behaviors. In contrast, although our method could efficiently handle diffusive barrier crossing, it is rigorous and is not contingent on the validity of diffusion model or the calculation of diffusion coefficients. Furthermore, our method does not require the reaction coordinate to be perfect. In fact, whereas the quality of the reaction coordinate can be evaluated by the fraction of transition paths among the forward/backward trajectory pairs, it affects only the efficiency but not the correctness of the method. 17 The kinetics of channel crossing can also be obtained by other methods that employ many short unbiased simulation trajectories. Notably, in the milestoning approach, 55 ,56 the phase space is partitioned by boundaries called milestones, which, for example, can be hyperplanes orthogonal to the chosen reaction coordinate. The kinetic information can then be obtained from unbiased trajectories initiated from one milestone and reaching another, assuming that the memory of the initial microstate has been lost. This approach is general and broadly applicable to both equilibrium and nonequilibrium processes. In contrast, our method 17 is specifically designed for two-state barrier-crossing transitions and aims to predict the rate constants that are most relevant to experimental observables. Importantly, our method does not require the key assumption of loss of memory as in milestoning, which is not always trivially satisfied in complex systems.
The direct outcome of our method is the single-channel permeability at equilibrium. For ions, the equilibrium permeability also determines the single-channel conductance (eq 4) when the ionic current is linearly proportional to both the transmembrane voltage and the ion concentration. In contrast, to obtain the current I at a high voltage V beyond the linear range of the I−V curve, one will need to explicitly apply a voltage in the simulations 6 and evaluate the net ion flux across the channel. If such direct simulations are inefficient when the current is small and the crossing events are rare, our method 17 could similarly be applied to calculate the ion crossing rates and the flux under the applied voltage, as long as the single-ion conduction regime is still valid. In the presence of a voltage V, there will be a difference of eV between the baselines on the two sides of the free energy profile, and the forward and backward crossing rates will differ by a ratio of exp (eV/k B T), with the net ion flux given by the difference between these two rates.
The channel crossings for the relatively simple CNTs in this study are typical two-state transitions, as the free energy ( Figure 2 ) features a single barrier only. For some complex membrane channels, in contrast, the free energy along the pore may have multiple valleys and barriers, and our method as well as the reactive flux method may have a problem, because the solute could stay in some local free energy minima for a long time, and a complete transition path would thus be very long. In such cases, it would be advisible to consider the complete channel crossing as a sequence of multiple partial transition steps, each between two adjacent free energy minima as metastable states. With each step being a two-state transition, its forward and backward rates can be readily obtained by our method. 17 The overall crossing rate can then be calculated from all the stepwise transition rates. Sometimes, instead of using a single reaction coordinate as in this study, two-or three-dimensional (2D or 3D) free energies can be defined as a function of multiple descriptors for the solute or other degrees of freedom. If such a 2D or 3D free energy map has been sampled, it should be feasible either to further project it onto a 1D free energy along a single collective variable as the reaction coordinate or to represent the solute crossing as multiple twostate transitions described above. In both cases our method 17 will be applicable to calculate the kinetic rates.
For the (8, 8) CNTs used as the test case in this study, our calculations predict a picosiemens conductance at a physiological KCl concentration, which is similar to the singlechannel conductance 9 of some biological ion channels. 41 In this regard, other simulation studies 23, 57 indicated that the ion (Na + , K + ) conductance depends sensitively on the size (diameter) of the CNT. Furthermore, given that charged functional groups are an important factor for the transport properties of CNTs, 24, 32 here we evaluated the effect of adding one carboxylate group to the (8, 8) CNT. Our calculations showed that, in comparison to the pristine CNT0, the functionalized CNT1 with a single COO − group has only a slightly reduced free energy barrier ( Figure 2 ) and a slightly larger permeability/conductance for the K + ion (see Table 1 ). It appears that, although the COO − group increases the local K + concentration at the entrance, it does not have as much an influence on the free energy barrier located at the center of the CNT (see Figure 2) , which is the main determinant for the permeability. In contrast, an earlier work found that a ring of eight COO − groups at the entrance of a (8, 8) CNT does have a very significant effect on water and ion permeation, 38 which may suggest that such effects are only prominent when the total charge of the functional groups is sufficiently large.
Ion conduction across individual CNTs or CNT membranes have also been measured in experiments. 24, [32] [33] [34] [35] 58 Currently, MD simulations have not systematically reproduced the experimental results. In particular, a recent experimental study 42 reported that a narrow CNT (diameter 0.68 nm) has a single-channel conductance of ∼69 pS at a KCl concentration of 1 M, which is even higher than the calculated conductance of the wider CNTs (diameter 1.08 nm) here. Most other MD studies 22, 25, 28 ,57 also predicted very low conductance for CNTs with diameters less than 1.0 nm. The source of such discrepancy should be further investigated in future studies.
■ CONCLUSION
Our method presented here along with free energy calculations enables a rigorous and efficient calculation of the spontaneous solute crossing rate, which further determines the singlechannel permeability and conductance, the major experimental observables for membrane channels. The method will thus quantitatively connect MD simulations and experiments.
